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1. Introduction

The gas±liquid, two-phase ¯ow problems arise in many industrial processes, and appropriate
model equations need to be established. Although many model equations (e.g. Kataoka and
Tomiyama, 1993) have been suggested, there still appears to be inconsistencies in the
evaluation between various models. Therefore, it is essential to study the ¯ow structure
su�ciently.
A cylindrical vessel is often utilized as actual industrial equipment, and many investigations

have been carried out for two-phase ¯ow in a vertical cylinder. For example, Rietema and
Ottengraf (1970) experimentally analyzed laminar liquid circulation and bubble street
formation, and Celik and Wang (1994) carried out numerical simulations for the problem.
Durst et al. (1986) carried out both experimental and numerical simulation. However, most of
these approaches are two-dimensional (2D).
On the other hand, two-phase ¯ow has a characteristic unsteadiness. For bubbly ¯ow, it is

well known that a bubble plume often sways (Matsumoto and Murai, 1995). Becker et al.
(1994) and Tomiyama et al. (1994) have carried out the calculation and experiment for the
unsteady, 2D gas±liquid ¯ow in rectangular bubble columns with good agreement between
them. However, it is necessary to employ a three-dimensional (3D) model to solve such a ¯ow
in a vertical cylinder. Three-dimensional two-phase ¯ow in a cylinder has not yet been
analyzed su�ciently, because of the computational di�culty.
In this paper, both experimental and numerical analyses were carried out for the two-phase

¯ow problem in a vertical cylinder. Both ¯ow visualization and laser-Doppler measurements
were carried out. Then, fully 3D numerical analyses were carried out for comparison.
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2. Experiment

The experimental set-up is shown schematically in Fig. 1. The inner radius of the acrylic
cylinder is 80 mm. The cylinder was ®lled with tap water to a height of 200 mm (Gofuku et al.
1993).
The air bubbles were injected through the central bottom porous wall of a cylinder into a

water tank with the mass ¯ow rate Q=1.67� 10ÿ6 m3/s. Here, the bubbles were generated by
the compressed air through a glass ®lter (the radius r in=10 mm, the standard maximum
diameter of the hole is 100±150 mm).
Firstly, to understand the whole ¯ow pattern, it was visualized with aluminum particles

dispersed and illuminated by a slit light from a projector. In order to have greater sight, the
cylinder was surrounded by a square acrylic box, and the tap water was ®lled between them.
The ¯ow patterns were taken by a camera, where the shutter of the camera was open for 1 s.
Secondly, the velocity pro®le of the liquid phase was measured by a laser-Doppler

velocimeter (LDV) with a forward scattering method. Data samples of 256 pieces were taken at
each point.

3. Theoretical analyses

3.1. Model equation

For numerical analysis, the following assumptions were utilized.

1. The mass transfer between liquid and gas phases does not exist.
2. The liquid and gas phases are treated as incompressible ¯uid.
3. The temperature in the domain is constant and uniform.

Fig. 1. Problem schematic h=200 mm, r out=80 mm, r in=10 mm, pore size of gas inlet =100±150 mm.
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4. The coalescence and fragmentation of the bubbles are not considered.

5. No turbulence models are employed.

From the above assumptions, the governing equations become as follows. The continuity
equation is as follows.

@Ek
@t
� r � �Ek vk� � 0; �1�

EL � EG � 1: �2�

Following Durst et al. (1986), with an addition of a virtual mass force term, the momentum
equation for the liquid phase becomes:

ELrL
DLvL
Dt
� ÿELrp� EL FV � FD � FVM � FL ÿ rL g EL: �3�

The momentum equation for the gas phase becomes:

EGrG
DGvG
Dt
� ÿEGrpÿ FD ÿ FVM ÿ FL ÿ rG g EG; �4�

where Dk/Dt is the material derivative following phase k. Fv, FD, FVM and FL are viscous
force, drag force, virtual mass force and lift force, respectively, as de®ned as follows (Drew and
Lahey, 1987):
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4

CD EG rL vrjvrj
dB

; �6�

CD �
24=Re �ReR2�
24

Re

ÿ
1� 0:15Re0:687

� �Rer2�

8><>: ; �7�

FVM � EG rLCVM
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� �
; �8�

FL � CL rL EG vr � �r � vL�; �9�

where Re is a bubble Reynolds number (=rLdBvr/mL), dB is a bubble diameter (=1 mm), and
vr= vGÿvL. CVM is a virtual mass coe�cient. For the simplicity, a virtual mass coe�cient was
set to 0.5, which is the value for a single spherical bubble. CL is a lift force coe�cient, and is
set to a constant: 0.5 in this calculation.
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3.2. Numerical procedure

The above momentum equations were approximated by ®nite di�erence equations. The time
discretization was approximated by an explicit method, and the inertial terms by the K±K
scheme (Kawamura and Kuwahara 1984). The pressure distribution was solved with the highly
simpli®ed marker and cell (HS±MAC) method. The liquid is initially static and no bubbles
exist (Kuwagi and Ozoe, 1997).
The boundary conditions are as follows. For the liquid phase, the velocity on a wall is zero

and the slip condition was used for a top surface. For the gas phase, the slip condition was
used on a wall, and bubbles leave from a free surface immediately (@uG/@z= @vG/@z= @wG/
@z= @EG/@z=0).
The grid numbers are (r� y� z)=(20� 36� 50). The time step is 1.09� 10ÿ5 s.

4. Results and discussion

Figure 2(a) shows a photograph of aluminum particles, (b) computed liquid velocity vectors,
and (c) computed stream lines of the gas bubble from a bottom inlet. The ¯ow is more or less
asymmetric. Along the vertical axis of the cylinder, strong ascending velocity vectors are due to
the bubble ¯ows. In the photograph, strong rising air bubbles can be seen in the radial center
region. Relatively large scale vortices can be seen outside of the rising bubbles. They are
changing sizes and locations transiently. A horizontal line at z=0.17 m in Fig. 2(b),
corresponds to a center level of the main vortex in the photograph of Fig. 2(a). Computed

Fig. 2. Typical asymmetric ¯ow pattern of liquid phase in a vertical section for air bubbles in a water tank.

Aluminum particles were dispersed in water for ¯ow visualization: (a) experiment; (b) calculated velocity vectors of
liquid phase; and (c) calculated stream lines of gas phase.
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sizes of the main vortex may indicate the quantitative measure on the accuracy of the
numerical analyses. On the other hand, although the ¯ow of the gas phase is also asymmetric,
the asymmetry is smaller than the liquid one. Fig. 3(a) shows a photograph of aluminum
particles, and (b) the computed liquid velocity vectors, both in a horizontal section at
z=0.16 m. In the center, vertical liquid velocity vectors are due to the ascending bubbles.
Similar dense white vertical lines can be seen in the photographs; even horizontal vortices can
be seen in both pictures. Quite similar ¯ow characteristics could have been obtained between
these results.
Figure 4 shows both experimental and calculated radial distributions of a vertical velocity

component of the liquid phase along the radial line, at z=0.17 m. The data represents the
value averaged over 256 samples in the experiment or 240 samples in the calculation, over a
certain time period at each point. The periods are approximately 10±20 s in the experimental
results, depending on the particle sampling conditions, and 13.1 s in the calculated results. The
experimental pro®le has a re-entrant shape in the central region. A reasonably similar pro®le
can be seen in the calculated distribution. This re-entrant shape is considered to be caused by
the oscillatory ¯ow as follows.
Figure 5 shows a trajectory of the position of the maximum vertical velocity computed

between t=22.9±26.2 s. The position moves in both radial and circumferential directions.
Roughly, the direction is circumferential between t=22.9±23.5 s and 24.5±25.9 s and radial
between t=23.5±24.5 s and 25.9±26.2 s.
Figure 6 shows two types of oscillatory ¯ow pattern. The curve represents liquid or gas

upward ¯ow. When the oscillation is through a radial center as shown in Fig. 6(a), the time-
averaged radial velocity pro®le should become something like that on the right-hand side
picture. When the oscillation is rotating about the cylinder axis, as shown in Fig. 6(b), the

Fig. 3. Typical asymmetric ¯ow pattern of liquid phase in a cross horizontal section at a level, z=0.16 m: (a)
experiment; and (b) calculation.
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time-averaged pro®le would become something like the re-entrant shape. In a practical case,
these two oscillations would occur simultaneously.
Figure 7 shows the radial distribution of the standard deviation of the vertical liquid velocity

at z=0.17 m both from the experiment and from simulations. The standard deviation
represents the root-mean-square (rms) value of the ¯uctuating velocity. The calculated
distribution qualitatively agrees with the experimental one. The ¯uctuation is large at r/
r outR0.3, small at r/r out10.3±0.95, and again somewhat large at r/r out10.975. The large
¯uctuation in the center region is caused by ¯uctuation of liquid ¯ow itself and ascending
bubble motion. The ¯uctuation close to the side wall is caused by the descending circulating
liquid ¯ow. The standard deviations close to the center have the re-entrant shape, similar to
the vertical velocity itself. The distribution of a standard deviation like this pro®le, was also

Fig. 4. Radial distribution of vertical liquid velocity at a level, z=0.17 m.

Fig. 5. A horizontal trajectory of the position of maximum vertical velocity computed between t=22.9 and 26.2 s.
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Fig. 6. Schematic of the oscillatory ¯ow pattern: (a) radial oscillation; and (b) circumferential oscillation.

Fig. 7. Standard deviation of vertical velocity at a level, z=0.17 m.
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obtained by Iguchi et al. (1997) experimentally. However, peak values of the standard
deviation at r1rc may occur for both ¯ow models, as shown in Fig. 6.

5. Conclusions

Experimental measurements and transient 3D calculations with two-¯uid model, were carried
out for a two-phase ¯ow in a vertical cylinder. The conclusions are summarized as follows:

1. The asymmetric ¯ow was observed both in the visualized results and in the numerical
results. This asymmetric ¯ow would be caused by the oscillatory ¯ow about the center axis
of the cylindrical enclosure.

2. The radial distribution of vertical liquid velocity at z=0.17 m (water height h=0.20 m),
became the re-entrant shape in the center region, probably because of the rotating ¯ow
about the cylinder axis.

3. The radial distribution of the standard deviation of liquid vertical velocity, also became the
re-entrant shape.

4. The time-averaged radial pro®le of the vertical velocity may be presumed axisymmetric and
2D. However, the re-entrant shape is caused by circumferential oscillation.
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